Gaussian Beam Mode Analysis can be applied as a powerful technique approach in the development of phase gratings for use at terahertz wavelengths, providing a physically intuitive approach relating Fourier and Fresnel diffraction patterns to the scattering of the illumination beam at the grating. Fourier gratings in particular offer the possibility of generating sparse arrays image of a single input beam, useful, for example, in active heterodyne systems with an LO power source. The feasibility of the application of such gratings in real systems was investigated both by simulation and experimental measurements.
INTRODUCTION
This paper is concerned with the application of Gaussian Beam Mode Analysis 1 -4 as a modeling tool in the development of phase gratings for use at terahertz wavelengths. Gaussian Beam Mode Analysis (GMBA) provides a very powerful approach for the modeling of the scattering, diffraction and propagation of long wavelength beams. 5 -7 As long as the beams are quasi-collimated GBMA provides an accurate yet physically intuitive approach relating Fourier and Fresnel diffraction patterns to the scattering of an illumination beam occurring at the grating. Furthermore, Gaussian beam modes propagate through perfect beam guides without scattering and so provide a very natural basis set in terms of which to describe the propagation of complex beams such as those produced by phase gratings. If the beam guide has a finite throughput then this can be simulated in an approximate though physically insightful way by only considering a finite sized beam mode basis set, which contains only those modes that propagate without significant truncation.
The design, fabrication and testing of two grating types (namely, Dammann and Fourier gratings) 8 -10 are considered. Modeling, using quasi-optical techniques is outlined including a novel GBMA approach to the phase-retrieval problem for Fourier Gratings. 11 Dammann gratings are useful for generating regular arrays of far-field beam patterns when illuminated by a beam with a plane wavefront (i.e. a waist) derived from a single coherent source. Fourier gratings on the other offer the possibility of generating arbitrary output field patterns. In particular therefore by producing the required distribution of well-separated beams such gratings offer the possibility of efficient quasi-optical feeding of sparse arrays in active heterodyne systems with LO power.
The feasibility of the application of such gratings in real systems was investigated both by simulation and experimental measurement, thus taking into account the real limitations of any non-ideal optics. To this end an example grating to generate sparse diffraction patterns was designed based on the GBMA approach. Its operation was also verified by simulation using more traditional techniques (Fresnel integration, Fourier transforms and Physical Optics). In addition two test gratings were manufactured and tested experimentally: one operating in reflection, the other in transmission. The patterns generated were measured using the Fourier optical arrangements and compared with expected results.
In Section 2 we outline the applications of Gaussian beam mode analysis in the design and analysis of phase grating systems. We also briefly describe the MODAL in-house CAD software package we have developed at NUI Maynooth for quasi-optical analysis. In Section 3 we summarize our work on phase grating design presenting the practical limitations and the power of the MODAL software in predicting experimental measurements in realistic optical set-ups. In section 4 we present the experimental results while in Section 5 we draw conclusions from the work.
BEAM MODE ANALYSIS & THE MODAL SOFTWARE
Using Gaussian Beam Mode Analysis 1 -4 one can efficiently simulate the propagation of coherent beams of radiation through beam wave-guides. In this formalism the field is written as a set of modes E = Σ A n ψ n . The modes remain untruncated, if their maximum extent remains smaller than any apertures or stops encountered, or if the beams are not vignetted by the edges of optical components. In this case the mode coefficients do not change although the modes do slip in phase with respect to each other, which gives rise to the evolution of the form of the beam associated with diffraction.
The effect of a component, such as a Dammann or Fourier grating, or an aberrating mirror, is to disturb the phase of any incoming beam and, in the case of a pure incident Gaussian beam mode, to scatter power into other modes. We can conveniently describe this process using a scattering matrix theory approach, in which a scattering matrix represents the phase modulation produced by grating on a field with mode coefficients A n . Scattering Matrix theory has been developed for modeling truncation, aberrations etc. 8 -12 In terms of analyzing the operation of phase gratings one of the big advantages of Gaussian modes is that they have the same form as their own Fourier and Fresnel transforms. Thus, if we write the field disturbed after the phase transformation imprinted by the grating as E grating = Σ B n ψ n (z = 0), then its Fourier form (effectively the far-field) is given by E far-field = Σ B n ψ n (z = ∞). If a focusing optical component, such as a mirror or lens, is used to produce the Fourier pattern, as in a 4-f Fourier system, then a scaled image of the virtual far-field pattern is produced on the output focal plane. In terms of an intensity pattern I far-field = |Σ B n ψ n (z = ∞)| 2 . It turns out that for a far field pattern the relative phase slippages between modes can be simply expressed as exp(j∆φ n ) = exp(jN(n)π/2), where N(n) is an integer function of n so that exp(j∆φ n ) = (±j) or (± 1).
In this paper we investigate the modal content of phase-modulated fields for Dammann and Fourier gratings. We also apply Gaussian beam mode analysis as the propagator in determining the phase retrieval algorithm. 11 Another big advantage that modal analysis gives us here is that it naturally allows us to include any vignetting effects at optical components since these will restrict the number of modes that can propagate to the Fourier plane and this can be factored into to the design process.
At NUI Maynooth we have also developed a quasi-optical design and analysis software environment known as MODAL (Maynooth Optical Design and Analysis Laboratory). 13 -15 The software can be used for analyzing a range of quasioptical components typical in terahertz beam-guides, such as mirrors, lenses, apertures etc. At part of our research into phase gratings a special module for MODAL was written, which allowed phase grating to be analyzed in a real optical set up with off-axis mirrors so that both vignetting and aberrational effects can be modeled and the outcome of real experiments predicted. In this paper we describe such predictions by the MODAL software for a number of experimental set-ups for testing phase gratings with a range of optical components, which as in any real system are not necessarily ideal. As will be described the ability to predict the actual measured patterns is remarkable and informs the best experimental arrangements to use.
PHASE GRATINGS -DESIGN AND ANALYSIS

Dammann Phase Gratings
The application of Gaussian beam mode analysis to Dammann gratings is described in ref 9. Dammann gratings in the terahertz band are 2-dimensional binary phase gratings consisting of a regular patchwork of rectangular slots and recessed sections. The basic unit cells making up the array is adjusted to modulate the amplitudes of the array of beams expected from a regular grating. In a Dammann grating the goal is uniform intensity across a finite sized array with as little power scattered into higher order modes as possible. We have investigated Dammann grating designs to produce 3 × 3 and 5 × 5 arrays of output beams. In terms of an efficient description using Gaussian beam modes the highest order mode needs to be able to sample the highest spatial frequencies associated with the narrowest slots in a cell while also extending across the extent of the grating illuminated by the incident beam. Any optical components used to form the image of the far-field pattern should not truncate this mode set; otherwise the pattern will not properly form on the Fourier plane. On the other hand vignetting by the optics can be used to terminate unwanted high order modes so that any weak higher order diffraction order beams outside of the required array do not form. The grating consisted of 4 × 4 cells and was over-illuminated by a Gaussian beam giving well-separated beams and the appearance of secondary maxima. Eccosorb was used to terminate the incident beam beyond the edge of the grating. The experimentally obtained output plane intensity pattern is shown in Figure 2 . The system was simulated in MODAL and the intensity calculated at the output plane is shown in Figure 3 . There are some noticeable differences between the simulated and measured beam patterns in terms of the degree of non-uniformity of the intensities of the different diffraction orders in the measured data. However, the distortion prediction is remarkable. 
2-D Phase grating design using the GBM Iterative Phase Retrieval Algorithm
Fourier phase gratings were designed using Gaussian beam mode analysis as part of the two-dimensional iterative phase retrieval algorithm (IPRA) described by Gerschberg and Saxon. 11 Initially the target field intensities for the grating and far field (Fourier) planes are defined, along with initial trail solutions for the phase distribution of the far-field. An appropriate beam mode set is then chosen for the propagation between the grating and Fourier planes. Then the iteration stepping between grating and Fourier planes is commenced and after 1000 iterations a satisfactory solution is obtained.
The grating was designed to be tested in a 4-f Fourier optics system in which the incident beam is collimated by a 350mm-focal length parabolic mirror, which produces a Gaussian beam at its focal plane with a waist radius W G = 71mm. Thus the target amplitude at the grating is a simple Gaussian beam with this beam radius. The target image plane intensity distribution is a circular array of eight Gaussian beams (see Figure 4) . Note for the grating to function correctly it needs to completely suppress the on axis beam that would form at the output plane in the absence of the grating. Ideally the initial phase distribution for the output plane should be a reasonable estimate of the solution phase distribution that will satisfy the intensity constraints at both planes. For this particular problem the far-field pattern consists of well-separated beams between which the intensity drops to zero. We choose to assign uniform phase fronts to each beam individually, since a solution of this type would be desirable for coupling an array of Gaussian beams to a set of feed horns, for example. It was found that even with a poor guess for the far field phase distribution the phase retrieval algorithm succeeded in finding a satisfactory solution.
The Gaussian beam mode set for simulating the propagation between the Fourier and grating planes is characterized by the following parameters: number of modes, scaling factor, symmetry parameter (even, odd, or none). While imposing a symmetry constraint on the mode set necessarily restricts the solutions that can be sought with this limited mode set, it does imply that redundant modes are automatically omitted from consideration reducing considerably computational overheads (memory and execution time). In terms of the best mode set to choose we fix on one that most efficiently describes the target field amplitudes at both the grating and Fourier planes and at the same time are not significantly vignetted by any optical components. In this way we restrict the highest order spatial frequencies that are considered in a natural way. The GBM-IPRA was run for 1000 iterations. The solution grating and far field intensities are shown in Figure 5 . The circular array is clearly formed, however none of the output plane beams have the expected symmetric profile of a true Gaussian, and instead appear to be somewhat irregularly deformed. The 3-D plot in Fig. 5 (b) shows that there are intensity nulls (reminiscent of optical vortices) at different points around the edge of each of the beams (at low relative intensities). Since only symmetric modes were used the solution is itself symmetric. Thus the Gaussian beams 'A' and The GBM-IPRA (Gaussian Beam Mode based Iterative Phase Retrieval Algorithm) is effectively a multivariable optimization algorithm that seeks to find the most suitable set of mode coefficients that can simultaneously satisfy the intensity requirements at the grating and image planes. If the mode set is restricted to be symmetric it was found that the number of modes required was just 18 × 18 (=324). It is interesting to examine the mode coefficients A mn , the amplitude of which are shown in Figure 6 . The first two plots show | A mn | for reconstructions of the grating and image fields, with the initial trial solutions. The third plot shows | A mn | after 1000 iterations of the IPRA. Any solution to the phase retrieval problem must be a set of mode coefficients A mn that simultaneously satisfies the target intensity requirements at the grating and image planes to within the usual phase slippage terms. As shown in Figure 3 the grating input field is a single on-axis Gaussian beam so only a few low-order modes contain power. Since target field is devoid of any power inside the circular array of eight beams, there is no power in the lower-order modes. Notice that the symmetry of the target field is reflected in the distribution of power in the mode coefficients. In 
PHASE GRATINGS -MEASUREMENT AND TEST SIMULATIONS
Having found the solution to the phase retrieval problem two Fourier phase gratings were manufactured. However, in order to make the grating easier to machine it was necessary to undertake phase unwrapping of the solution to reduce the number of sharp edges where the phase jumped by 2π. The gratings that were manufactured is shown 7 for both transmission and reflection examples. The transmission grating was then thoroughly tested as described below. The reflection grating provided some initial results that the phase unwrapping had produced the correct profile. Various 4-f arrangements involving mirrors with surfaces based on off-axis conic sections that were available in the laboratory were simulated in the MODAL software to predict the quality of the intensity pattern at the output plane from the transmission grating (see Fig 8) . The arrangement that produced the pattern with minimum distortion consisted of a paraboloidal mirror of focal length 350 mm and producing a 90° angle of throw to collimate the beam incident on the phase grating and an ellipsoidal mirrors of focal length 500mm and producing 45° angles of throw (see Fig 9) . As might be expected given the long focal lengths and the medium sized angle of throw the predicted output plane amplitude pattern does not show significant distortion. The measured and predicted patterns are shown in Figures   Fig. 8 . Output plane amplitude distributions calculated with numerical simulations developed in MODAL, corresponding to 4-f set-ups with (a) two parabolic mirrors (hence the distortion) and (b) a parabolic mirror (M 1 ) and an ellipsoidal mirror (M 2 ) and (c) two ellipsoidal mirrors. Experimentally measured output plane patterns are shown in Fig. 10 . The array of diffraction orders is seen to be circular as expected. However some distortion (introduced by mirror M2) is still present which accounts for the uneven vertical beam spacing between beams on the left and beams on the right. Notice also that the maximum beam intensity falls steadily from a maximum at the upper left beam to a minimum at the lower right beam. This may be due to a slight misalignment of the grating between the two mirrors. Note that this measurement was made with Eccosorb surrounding the circular phase-modulating region of the HDPE block. Another measurement made without any Eccosorb in place showed an almost identical intensity measurement, thus illustrating the benefit of matching the grating size to the size of the incident beam. 
CONCLUSIONS
We discussed the application of Gaussian beam modes to the design, analysis and test measurement predictions phase gratings. Both Dammann gratings and Fourier gratings were considered. Gaussian beam modes allow for the efficient quasi-optical description of these systems. Also Gaussian beam mode propagation can be built into the phase retrieval algorithm for Fourier gratings. Experimental test results were presented which agree remarkably well with the predictions of the MODAL software package. Furthermore a Fourier grating with an output field of a sparse array of beam with a null on-axis was designed and the real manufactured grating was shown to operate well as predicted.
